Modular Exponentiation

(Raising to a Power with a modulus)

E.g. To find 1113 mod 53

13 = 8 + 4 + 1   so  1113 = 118+4+1 = 118 * 114 * 111

We can compute successive squares of 11 to obtain 11, 112, 114, 118  and then multiply together 111 * 114 * 118 to get the answer 1113 .

Because we are working mod 53, we will “take mods” at every stage of the calculation.

Thus we have:


11 mod 53 = 11


112  =  121,  121 mod 53 = 121 – 2*53 = 15


114 = (112)2 = 152 mod 53 = 225 mod 53 = 225 – 4*53 = 13


118 = (114)2 = 132 mod 53 = 169 mod 53 = 169 – 3*53 = 10

Therefore 1113 mod 53 = 11 * 13 * 10 = 1430  mod 53 = 1430 – 26*53 = 52
The answer is 1113 mod 53 = 52
This method of computing modular exponentiations can be formalised into an algorithm as follows:

To compute xn mod p

Initialise  y=1; u=x mod p; 


Repeat



If n is odd then y:=(y*u) mod p; 



n:=n div 2;   



u:=(u*u) mod p;


Until n==0;


Output y;

Here the u value is the successive squaring of x, and the y value is the multiplication together of the required squared values of x.  

To compute 1113 mod 53 using this algorithm:

	y
	u
	n

	1
	11
	13

	11  (1*11 mod 53)
	15     (112 mod 53)
	6      (13 div 2)

	11 ( n even, y doesn’t alter)                                                 
	13     (152 mod 53)
	3       (6 div 2)

	37  (11*13 mod 53)
	10     (132 mod 53)
	1       (1 div 2)

	52  (37 * 10 mod 53)
	
	0       (1 div 2)   


Modular Arithmetic

How to “take mods” on your calculator

E.g.  37 * 10 mod 53

1) Do 37 * 10  = 370

2) Do 370 (53 = 6.98   (so we can take 6 whole lots of 53 off of 370)

3) Do 6*53 = 318

4) The answer is 370 – 318 = 52

E.g.  56 mod 23

1) Do 5 xy 6  = 15625

2) Do 15626 ( 23 = 679.3 (so we can take 679 whole lots of 23 off of 15625)

3) Do 679*23 = 15617

4) The answer is 15625 – 15617  = 8

You can calculate powers on your calculator as in the example above if the first answer (here 56) is small enough.  BUT if the numbers get too big (which happens quite quickly, for example 1113 is too big – the answer does not fit onto the calculator screen) then you must use the modular exponentiation algorithm as described overleaf.

Practice Questions

1. Calculate 45 * 32 mod 73

2. Calculate 23 * 15 mod 31

3. Calculate 59 mod 42

4. Calculate 216  mod 123

5. Calculate 314 mod 30

6. Use the modular exponentiation algorithm to calculate 1519 mod 37

(Answers  53, 4, 41, 100, 9, 22)







